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Abstrat
Magnetially harged Abelian defets are shown to arise on most ompat base
manifolds and in most Abelian projetion gauges. They obey the Dira quantisation
ondition and give rise to homogeneous magneti bakground elds. The reasons
for their ourrene are global failures of the proedure with whih gauge ovariant
operators are diagonalised or their eigenphases extrated. Defets related to the
former ase are string-like; for the latter ase they resemble domain walls. Either
onguration forms the generi ase and indiates a failure of gauge xing as onti-
nuity and periodiity properties of the funtional spae are hanged. These results
are rst obtained in anonially quantised QCD3+1 and path integral QCD2+1 on
the torus for the modied axial gauge whih keeps only the eigenphases as dynamial
variables of the Wilson line in the x3-diretion. In the end, they are extended to
other gauges, dimensions and standard manifolds.
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1 Introdution
The non-perturbative régime of non-Abelian gauge theories is rih in open problems suh
as the nature of the onnement mehanism and hiral symmetry breaking, the ourrene
of ondensates and eetive masses, et. As a formulation in terms of unonstrained,
physial variables is the easiest way to render gauge invariant results in approximations,
one eliminates the redundant variables by gauge xing. Beause all well-dened gauge
hoies are in the end equivalent but some will yield results and interpretations faster than
others, one hopes that with an appropriate gauge hoie, the relevant degrees of freedom
an be identied more easily, the non-perturbative part of whih may solve the outstanding
questions in the low energy régime. Reent suess of the Abelian projetion gauges in 3+1
dimensions [1, 2℄, whih seem to be a useful devie in explaining onnement by the dual
Meiÿner eet [3, 4℄, triggers the question how feasible these gauges are for a Hamiltonian
formulation in 3+1 dimensions and whether for lattie formulations, subtleties are hidden
in gauge xing on a torus. In this paper, attention fouses partiularly on the modied
axial gauge [5, 6℄ in whih  in ontradistintion to the naïve axial gauge A3 = 0  the
eigenphases of the Wilson line in x3-diretion are kept as dynamial variables.
The advantages of a ompat base manifold, espeially of a torus T d in d dimensions
as entred on in this paper, are well known. Most prominently features the automati
infrared regularisation by allowing for zero modes. This yields a simple way to desribe
long range elds, ondensates, and non-trivial bakground elds. In addition, the solution
of dierential equations (e.g. the onstrution of Green's funtions) requires a speiation
of boundary onditions. The asymptoti hypothesis usually invoked in the innite volume
limit orresponds to standing wave boundary onditions and hene eetively ompaties
the base manifold. As the example of the naïve axial gauge shows, this yields subtleties
hidden in the behaviour of elds at innity whose ure in the innite volume is not fully
understood. The torus is the only orientable manifold whih has as universal overing the
Eulidean spae, allowing for a global Cartesian o-ordinate system and for translation
invariane. In the anonial formulation, the absene of urvature guarantees the absolute
onvergene of the Hilbert spae on the torus to the one of the ontinuum theory. The
torus is also the preferred manifold for lattie alulations. Although this artile foots in
its interpretations on the anonial formulation of gauge theories in (d + 1)-dimensional
spae-time, espeially on tori T d with d ≤ 3 and fous on the real world value d = 3,
the presentation applies equally well to d-dimensional path integral formulations both in
Eulidean and Minkowski spae, as the next setion will reall.
The ontents are summarised as follows: Setion 2 realls the philosophy of gauge xing
to the modied axial gauge. The magnetially harged ongurations found on tori T d in
d ≤ 3 dimensions in Set. 3 do not have partile harater and are related to the extration
of the eigenphases (Set. 3.2) and to the diagonalisation (Set. 3.3) of the Wilson line.
They hange the boundary onditions (Set. 3.4), and their appearane indiates a failure
of gauge xing beause of inompatibility of loal and global gauge onditions as Set. 4
emphasises. It also gives an interpretation as magnetially harged, Abelian defets and
highlights their physial relevane by investigating their weight in onguration spae on
the ground of their energy and onnetion to the funtional spae measure. Setions 4.3
2
and 4.4 extend the results to other manifolds and dimensions as well as to the lass of
Abelian projetion gauges. A summary and an outlook are added in the nal setion.
First results have been published in Refs. [7, 8, 9℄. Lenz et al. [6℄ already pointed out
that boundary onditions may hange in the modied axial gauge, but their derivation
was neither omplete nor rigorous enough, so that defets related to the diagonalisation
of the Wilson line were not aounted for. The analysis presented in this paper adds
these and is on a more formal basis, drawing in Set. 3.3 tehniques from Gross et al.
[10℄ and from topologial onsiderations. Further new aspets are the interpretation of
defets as non-zero magneti ux ongurations and as signals of a failure of the gauge
xing proedure for the vast majority of ongurations. The extension to the Abelian
projetion gauges is also new.
2 Gauge Fixing to the Modied Axial Gauge
In SU(N) gauge theories on a torus T d, d ≤ 3, with length of the edge L, one imposes
without loss of generality periodi boundary onditions for the fundamental elds and for
the gauge transformations. Inluding fermions, one annot allow for twisted boundary
onditions [11℄.
~A(~x) = ~A(~x+ L~ei) , ψ(~x) = ψ(~x+ L~ei) (2.1)
V (~x) = V (~x+ L~ei) (2.2)
In the anonial formulation, the fundamental variables are the gauge and fermioni
elds
~A(~x), ψ(~x) and their respetive onjugate momenta ~Π(~x), iψ†(~x). They are stritly
speaking operator valued distributions out of whih an operator algebra is formed over the
funtional spae H on the spae of funtions on the torus. Nonetheless, they are bounded
and ontinuous for all pratial purposes [12, p. 106.℄. Eq. (2.1) then states that their
matrix elements are single-valued, i.e. periodi and ontinuous funtions on the torus. In
the same sense, the sub-algebra of gauge invariant operators beomes a funtional sub-
spae Hphys ⊂ H. In the following, the distintion between operators and their matrix
elements will be dropped in order to simplify notation.
In the path integral formalism, the fundamental variables are the elds
~A(~x) and ψ(~x).
~x inludes time, in ontradistintion to the anonial formalism where time enters only
as parameter in the Heisenberg equations of motion. In d 6= 3, x3 := xd still denotes the
diretion of gauge xing. The diretion of gauge xing an also be taken to be (Eulidean
or Minkowski) time, so that one obtains the modied temporal (Weyl) gauge. The paths
run over all ongurations on the torus, i.e. over all ongurations obeying (2.1) and hene
again over the same eld spae H as above.
In both ases, gauge xing orresponds to a o-ordinate transformation in H
~A(~x) = U˜(~x)
[
~A′(~x) +
i
g
~∂
]
U˜ †(~x) (2.3)
to a basis splitting expliitly in unonstrained variables
~A′(~x) whih form a basis for
the physial variable spae Hphys, and onstrained ones, U˜(~x) (and respetive onjugate
3
momenta in the anonial formulation). The unonstrained elds beome fundamental
and are the only variables present in the Hamiltonian or Lagrangean.
The modied axial gauge [5, 6℄ has often been hosen sine for it, the splitting into
U˜(~x) and ~A′(~x) an  as it seems be given onretely, enabling the onstrution of the
Hamiltonian [6℄, Lagrangean and Faddeev-Popov determinant [5, 13℄ in terms of primed
variables. The zero mode elds A′3(~x⊥) obey the modied axial gauge ondition
A′3(~x⊥) diagonal , ∂3A
′
3(~x⊥) = 0 , (2.4)
and must remain relevant degrees of freedom sine A′3(~x⊥) are the phases of the gauge
invariant eigenvalues exp igLA′3(~x⊥) of the Wilson line in x3-diretion, desribing (per-
turbatively) physial gluons moving in the transverse sub-torus, ~x⊥ ∈ T
d−1
⊥ . This is also
expressed in the fat that the solution to (2.3) annot be given for A′3(~x) = 0 sine then U˜
would not be periodi in x3-diretion and hene in that ase one would leave the funtional
spae H of periodi funtionals. Allowing for a olour diagonal zero mode, one nds as
x3-periodi solution to (2.3) and (2.4) at a point on T
d−1
⊥
U˜(~x) = Pe
ig
x3∫
0
dy3 A3(~x⊥,y3)
∆(~x⊥) e
−igx3A′3(~x⊥) , (2.5)
where ∆(~x⊥) diagonalises the Wilson line,
∆(~x⊥) e
igLA′3(~x⊥) ∆†(~x⊥) = Pexp ig
L∫
0
dx3 A3(~x) . (2.6)
An additional gauge hoie neessary to x the gauge ompletely will be left out here as
the arguments presented apply equally well without it.
Eq. (2.5) is not well dened when two or more of the eigenvalues of the Wilson line are
degenerate at some point ~x⊥ 0 ∈ T
d−1
⊥ . Suh points in onguration spae will play an
important rle in the question with whih weight the defet ongurations derived in the
next setion have to be onsidered. This disussion is postponed to Set. 4.2.
In addition to this problem, another word of aution is in order here. It is lear that
if no degeneraies our, (2.5) is a loal solution to (2.3) with the gauge hoie (2.4), i.e.
that for a given ~x⊥, one an expet the eigenvalues to be the only physial variables of
the Wilson line. Mind that in both equations, ~x⊥ is merely a label. Still, that U˜(~x) as
given by (2.5) is also a solution globally, i.e. that it an be hosen regular and periodi in
all diretions for (nearly) all ongurations and simultaneously for all points on T d is not
self-understood. This is the ruial point in the following: A o-ordinate transformation
in H, built over the spae of periodi funtions, annot hange the periodiity of the
eld distributions in any of the diretions on T d. For a legitimate gauge hoie, ~A′(~x)
ats solely inside Hphys ⊂ H and hene must be periodi. If this ondition is violated,
the o-ordinate transformation is not well dened and one may miss key properties of
the non-perturbative setor of QCD sine boundary onditions are tested by global, i.e.
infrared sensitive, observables.
The next setion will demonstrate that the loal gauge xing ondition (2.4) and above
dened global ondition on the elds on the funtional spae H do indeed not math, as
4
Set. 4.2 shows for most of the eld ongurations in Hphys. A forthoming publiation
[14℄ will show that the (3 + 1)-dimensional anonial formulation looses onsequently the
physis onneted to the vauum-ϑ-angle.
3 Ourrene of Magneti Defets
3.1 General Considerations
It will now be proven that single-valuedness of the elds ating in H is lost during gauge
xing beause of the presene of magnetially harged defets [8℄. Note from (2.3) and
uniqueness of
~A(~x) that ~A′(~x) is single-valued only if U˜(~x) is. Although the latter is by
onstrution periodi and ontinuous in the x3-diretion, it is in general not in ~x⊥ [6, 8℄.
Single-valuedness on T d is formulated as follows: Going along an arbitrary losed path
C whih starts at a point ~x ∈ T d and is parametrised by s ∈ [0; 1], all operators are unique,
~A(~x)
∣∣∣
s=1
= ~A(~x)
∣∣∣
s=0
, ψ(~x)
∣∣∣
s=1
= ψ(~x)
∣∣∣
s=0
∀ ~x , C ∈ T d , (3.1)
and the allowed gauge transformations are the ones single-valued on T d as well,
V (~x)
∣∣∣
s=1
= V (~x)
∣∣∣
s=0
∀ ~x , C ∈ T d . (3.2)
In the following, the arguments will be given for the gauge elds only, extension to the
other fundamental variables ψ(~x) (and in the anonial formulation ~Π(~x)) being straight-
forward. Now, (2.1/2.2) follow from the identiation of the points ~x(i) and ~x(i) + L~ei on
T d. Here, ~x(i) , i = 1, .., d, denotes a point with vanishing ith omponent on the boundary
of the d-dimensional box whih upon identiation of opposite sides beomes the torus.
On the other hand, using (2.3), one derives that the primed elds are not neessarily
single-valued,
~A′(~x)
∣∣∣
s=1
= uC(~x)
[
~A′(~x)
∣∣∣
s=0
+
i
g
~∂
]
u†C(~x) ∀ ~x , C ∈ T
d
(3.3)
with uC(~x) := U˜
†(~x)
∣∣∣
s=1
U˜(~x)
∣∣∣
s=0
, (3.4)
and at the boundaries of the box
u(~x (i)) := U˜ †(~x (i) + L~ei) U˜(~x
(i)) . (3.5)
By onstrution, U˜(~x) is single-valued in the x3-diretion, so that for loops C whih
wind around the torus only in the x3-diretion,
uC(~x) = 1l ∀ C = {~x = (~x⊥, x3 = sL), s ∈ [0; 1]}. (3.6)
In order to deide whether U˜(~x) is single-valued, it hene sues to examine the properties
of eah of its terms in (2.5) separately under loops in the transverse sub-torus T d−1⊥ .
Sine A3(~x) is single-valued on T
d−1
⊥ ,
[
Pexp ig
x3∫
0
dy3 A3(~x⊥, y3)
]∣∣∣
s=1
=
[
Pexp ig
x3∫
0
dy3 A3(~x⊥, y3)
]∣∣∣
s=0
∀ ~x , C ∈ T d−1⊥ , (3.7)
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so that with the rst term in (2.5), the Wilson line is single-valued on T d−1⊥ . Its eigenvalues
are dened by (2.6) only up to permutations of the order of the entries in a diagonal matrix,
eigLA
′
3(~x⊥) → R eigLA
′
3(~x⊥) R† . (3.8)
Here, R is one of N ! members of the Weyl (reetion) group of SU(N), the N-dimensional
representation of the permutation group SN embedded in SU(N). Therefore, stritly not
the eigenvalues of the Wilson line are gauge invariant but the equivalene lass{
R eigLA
′
3(~x⊥) R† , R ∈ SN
}
(3.9)
onsisting of every possible Weyl permutation. Eq. (2.6) determines the residual gauge
group as the normaliser of the Cartan sub-algebra, i.e. the equivalene lass of all elements
in SU(N) whih leave its maximal Abelian sub-group invariant. This is the group
G′ =
[
U(1)
]N−1
× SN , (3.10)
the semi-diret produt of the entraliser of [U(1)]N−1, i.e. the maximal Abelian sub-group
itself, and of SN . One therefore nds in general on a losed loop
eigLA
′
3(~x⊥)
∣∣∣
s=1
= R
(
eigLA
′
3(~x⊥)
)∣∣∣
s=0
R† with some R ∈ SN . (3.11)
Residual gauge transformations annot eliminate the fator R beause the mappings of
the endpoints of the losed path C into the normaliser deompose in topologially distint
setors, Π0[[U(1)]
N−1×SN ] = SN . In the following, this possible Weyl symmetry defet
is negleted and one assumes that R = 1l. Still, periodiity of all elds in ~x⊥ annot be
maintained for the two reasons disussed in the next two subsetions.
3.2 Defets by Extrating Eigenphases
The eigenvalue matries g(~x⊥) = exp igLA
′
3(~x⊥) ∈ SU(N) are periodi and ontinuous,
and the rightmost term in (2.5), exp−igx3A
′
3(~x⊥), desribes a urve whih interpolates
between the unit element (x3 = 0) and the eigenvalues of the Wilson line (x3 = L).
The denition of this term is based on the introdution of a logarithmi o-ordinate
system on the Lie group [15, p. 64℄ in whih exp igx3A
′
3(~x⊥) is expressed as a straight line
ln gx3/L(~x⊥) = igx3A
′
3(~x⊥), parametrised by x3. A denition of the eigenphases A
′
3(~x⊥) is
hene unavoidable. The mapping
exp igLA′3(~x⊥) : T
d−1
⊥ →
[
U(1)
]N−1
(3.12)
is not simply onneted and deomposes into topologially distint lasses labelled by
winding numbers in diagonal, traeless matries mi ∈ ZZ
N−1
, i = 1, .., d − 1. Therefore,
the phases A′3(~x⊥)may be hosen to be ontinuous (and dierentiable) inside T
d−1
but will
in general lie on dierent Riemann sheets on opposite boundary points. In one transverse
dimension, this reads
A′3(x1 = L)−A
′
3(x1 = 0) =
2π
gL
m , (3.13)
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and in 2 transverse dimensions
1
,
A′3(~x
(i)
⊥ + L~e⊥,i)− A
′
3(~x
(i)
⊥ ) =
2π
gL
ǫij3mj . (3.14)
Lenz et al. [6℄ were the rst to disuss this hange of boundary onditions. Here, the topo-
logial arguments and the interpretation are added. Respetively, the winding numbers
are given by the traeless, diagonal matries with pth diagonal entry [16, p. 386℄
mp =
g
2π
∫
dx3 dx1 ∂1A
′
3,p(x1) ∈ ZZ on T
2 , (3.15)
m1,p =
g
2π
∫
dx3 dx2 ∂2A
′
3,p(~x⊥) ∈ ZZ
m2,p = −
g
2π
∫
dx3 dx1 ∂1A
′
3,p(~x⊥) ∈ ZZ

 on T
3. (3.16)
Beause the original ongurations are ontinuous, and hene also the eigenvalues, the
winding numbers annot depend on ~x⊥. The eigenphase defets will be onsidered in
more detail in Set. 4.2.
3.3 Defets by Diagonalisation
The seond ause of multi-valuedness of U˜(~x), and hene of the primed elds, is the diag-
onalisation matrix ∆(~x⊥). One assumes in the following that no degenerate eigenvalues
our on T 2⊥. Eq. (2.6) determines then the diagonalisation matrix ∆(~x⊥) only up to right
multipliation with an element of the Cartan sub-algebra [U(1)]N−1 [10, 17℄. Therefore,
∆(~x⊥) ∈ SU(N)/[U(1)]
N−1
lies in the oset of exp igLA′3(~x⊥), and with ∆(~x⊥) a solution
to (2.6) and no Weyl symmetry defets (3.11) present, any
∆′(~x⊥) = ∆(~x⊥) h(~x⊥) with arbitrary h(~x⊥) ∈
[
U(1)
]N−1
(3.17)
diagonalises the Wilson line on T d−1⊥ as well. So, [U(1)]
N−1
is the residual gauge group of
this gauge. As all the eigenvalues of the Wilson line are dierent, ∆(~x⊥) is single-valued
(and hene periodi) in the oset, but a priori not in SU(N), so that in general
∆(~x⊥)
∣∣∣
s=1
= ∆(~x⊥)
∣∣∣
s=0
hC(~x⊥) ∀~x⊥ , C ∈ T
d−1
⊥ . (3.18)
Turning to d = 3 and using homotopy arguments [16, p. 116.℄, it will now be proven
that ∆(~x⊥) is  without loss of generality  not single-valued on T
2
⊥, but that one an
hoose it to be ontinuous with a presribed set of boundary onditions.
The diagonalisation matrix onstitutes a ontinuous mapping of the 2-dimensional
losed surfae T 2⊥ into the oset on whih ∆(~x⊥) is periodi, see Fig. 1. Therefore, the
image of the losed surfae T 2⊥ is again a losed surfae on the oset. On SU(N), it
is losed only if there exists another mapping of the surfae whih ∆(~x⊥) desribes in
SU(N)/[U(1)]N−1 into SU(N) whih is ontinuous. But the mapping of the oset into
1
This denition of mi diers from the one given in [6℄ by the ǫ-tensor but is more onvenient later.
7
SU(N) is not topologial: While the rst three homotopy groups of SU(N) are trivial,
Πd[SU(N)] = 1l d ≤ 2, one nds Π0[SU(N)/[U(1)]
N−1] = Π1[SU(N)/[U(1)]
N−1] = 1l but
Π2[SU(N)/[U(1)]
N−1] = ZZN−1. Reall that the seond homotopy group is isomorphi
to the kernel of the natural homomorphism of Π1[[U(1)]
N−1] = ZZN−1 into Π1[SU(N)] =
1l, e.g. [18, p. 215.℄. All elements of Π1[[U(1)]
N−1] are mapped onto the identity of
Π1[SU(N)]. Therefore, a mapping of the oset into the group annot be ontinuous or
periodi in general and images of 2-dimensional losed surfaes in SU(N)/[U(1)]N−1 will
not be losed in SU(N).
Map
[
∆(~x⊥)
]
: T 2⊥
d=1: closed
d=2: open
−−−−−−−−→ SU(N)
d=1,2:
closed
y
x d=1: closedd=2: open
S2 −−−−−−−−→
d=1,2:
closed
SU(N)/[U(1)]N−1
Figure 1: The map of the transverse torus onto SU(N) as desribed in the text. Along
the arrow is indiated whether the images of losed d-dimensional surfaes are losed.
If the manifold whih is mapped onto the oset were not T 2⊥ but the two-dimensional
sphere, the proof would now be omplete sine the seond homotopy group of a manifold
is just given by the inequivalent lasses of the mappings of S2 into the manifold. In order
to show that topologially non-trivial maps, i.e. non-zero winding numbers, exist for the
mapping of T 2⊥ into the oset, one notes that Π1[T
2
⊥] = ZZ
2
, but Π1[SU(N)/[U(1)]
N−1] = 1l.
So, the mapping annot preserve topology, and at least two unontratible loops on T 2⊥
whih also annot be deformed into eah other have to be mapped to the same element
of SU(N)/[U(1)]N−1, thus removing the holes in the torus (f. smash produt [16, p.
451℄ showing weak homotopi equivalene between Sd and T d). So, one rst maps
T 2⊥ → S
2
and then S2 → SU(N)/[U(1)]N−1 as Fig. 1 indiates. The winding numbers
Π2[SU(N)/[U(1)]
N−1] = ZZN−1 are preserved if the rst map preserves them. But this is
of ourse always possible, an example being the map of the torus into the omplex plane,
z(~x⊥) =
(
e
1
L−x1 − e
− 1
x1
)
+ i
(
e
1
L−x2 − e
− 1
x2
)
∈ C , xi ∈ ]0;L[ , (3.19)
and from there to the Riemann sphere by stereographi projetion.
In order to obtain the winding numbers of the topologially distint lasses, one mod-
ies a tehnique from Gross et al. [10℄ and onsiders the diagonal and traeless matrix m3
whose pth entry is given by
m3,p :=
i
2π
∫
d2x⊥ ~∂⊥ ×
(
∆†(~x⊥) ~∂⊥∆(~x⊥)
)
p
. (3.20)
First, one proves omplementarily to the above toplogial reasoning that ∆(~x⊥) ∈ SU(N)
is in general not single-valued but may be hosen ontinuous inside T 2⊥ so that irregularities
our only at the boundary of the box, yielding further insight into their nature. Sine
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the oset is onneted (Π0[SU(N)/[U(1)]
N−1] = 1l), as SU(N) is, one an always nd a
diagonalisation matrix whih is onneted and non-singular in SU(N) on the maximal
hart of T 2⊥. This is the open square whih upon identiation of opposite sides beomes
T 2⊥ and has a boundary topologially equivalent to a irle S
1
.
It will now be shown that in general, ∆(~x⊥) is not everywhere periodi at the boundary
of the maximal hart and hene not single-valued on T 2⊥. Consider points ~x
(i)
⊥ and ~x
(i)
⊥ −
~ε⊥ ≡ ~x
(i)
⊥ + L~e⊥ ,i − ~ε⊥ on the boundary of the square. They are lose neighbours on T
2
⊥,
|~ε⊥| → 0, but lie far apart in the hart. Sine in general from (3.17)
∆(~x
(i)
⊥ + L~e⊥ ,i) = ∆(~x
(i)
⊥ ) h(~x
(i)
⊥ ) , h(~x
(i)
⊥ ) ∈
[
U(1)
]N−1
, (3.21)
and by onstrution ∆(~x⊥) varies ontinuously inside the square, h(~x⊥) is ontinuous on
its boundary as well. Using now the freedom (3.17) in the diagonalisation of the Wilson
line (2.6), one an multiply ∆(~x⊥) from the right with a diagonal matrix H(~x⊥) whih is
not neessarily periodi as the square has not yet been glued together to the torus. The
new diagonalisation matrix
∆′(~x⊥) := ∆(~x⊥)H(~x⊥) (3.22)
has the periodiity property
∆′(~x
(i)
⊥ + L~e⊥ ,i) = ∆
′(~x
(i)
⊥ ) H
†(~x
(i)
⊥ ) h(~x
(i)
⊥ ) H(~x
(i)
⊥ + L~e⊥ ,i) (3.23)
and is still single-valued on the square when H(~x⊥) onstitutes a mapping of the boundary
of the square into [U(1)]N−1 of winding number zero, i.e.∫
d2x⊥ ~∂⊥ ×
(
H†(~x⊥) ~∂⊥H(~x⊥)
)
= 0 . (3.24)
The matrix m3 (3.20) is invariant under suh transformations. One an make ∆
′(~x⊥)
ontinuous and pieewise periodi on T 2⊥ by hoosing H(~x⊥) ∈ [U(1)]
N−1
suh that
H†(~x
(i)
⊥ ) h(~x
(i)
⊥ ) H(~x
(i)
⊥ + L~e⊥ ,i) = 1l (3.25)
for some points. Still, periodiity an usually not be ahieved for all points on the
boundary of the maximal hart simultaneously beause no ontinuous funtion exists on
[U(1)]N−1 whih deforms any mapping of the boundary ontinuously into the onstant
one, Π1[[U(1)]
N−1] = ZZN−1. The matrix m3 measures these winding numbers. So, for a
given Wilson line, periodi boundary onditions an in general only be retrieved if new
singularities of ∆′(~x⊥) are introdued inside the maximal hart by violating (3.24) and
losing ontinuity. Like the boundary of the maximal hart, the position of the multi-
valuedness is thus arbitrary and therefore has no physial signiane on its own.
If H(~x⊥) had o-diagonal omponents in a region inside the maximal hart and were
diagonal only at its boundaries, it ould be hosen ontinuous and suh that ∆′(~x⊥) were
periodi on the torus. But this new diagonalisation matrix would not diagonalise the
same Wilson line (2.6), being in a dierent equivalene lass.
In order to prove thatm3 measures the total Abelian magneti ux through the square
T 2⊥, onsider following [10℄
b′3,p(~x) := ∂1A
′
2,p(~x)− ∂2A
′
1,p(~x) , (3.26)
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whih in the Abelian projetion philosophy [1, 2℄ is interpreted as the QED magneti
eld strength in a (2 + 1)-dimensional theory in whih the diagonal gluons are taken as
photons, and the o-diagonal ones as harged vetor partiles. One inverts the gauge
xing transformation (2.3),
∫
d2x⊥ b
′
3,p(~x) =
∫
d2x⊥ ~∂⊥ ×
(
U˜ †(~x)
[
~A⊥(~x) +
i
g
~∂⊥
]
U˜(~x)
)
p
, (3.27)
and notes from (3.17) that for all losed urves
∮
C
d~s⊥ ·
(
∆†(~x⊥) O ∆(~x⊥)
)
p
= 0 (3.28)
when O is single-valued. Therefore, with ~A⊥(~x) and e
igx3A′3(~x⊥)
being unique on the
maximal hart, and (3.7), the only non-vanishing term is
∫
d2x⊥ b
′
3,p(~x) =
i
g
∫
d2x⊥ ~∂⊥ ×
(
∆†(~x⊥) ~∂⊥∆(~x⊥)
)
p
=
2π
g
m3,p , (3.29)
showing that the total Abelian magneti ux through the box is indeed non-zero and pro-
portional to the winding number (3.20) of the mapping∆(~x⊥) : T
2
⊥ → SU(N)/[U(1)]
N−1
.
3.4 New Boundary Conditions and Winding Numbers
To summarise, the primed, allegedly physial elds an be hosen single-valued inside the
maximal hart of T d (3.3/3.4),
uC(~x) = 1l for all losed paths C inside the box, (3.30)
but then the boundary onditions (2.1) are hanged to (3.3)
~A′(~x (i) + L~ei) = u
(i)(~x (i))
[
~A′(~x (i)) +
i
g
~∂
]
u(i)†(~x (i)) , (3.31)
ψ′(~x (i) + L~ei) = u
(i)(~x (i)) ψ′(~x (i)) et.
One saw in (3.5/3.6/3.14/3.18) that without loss of generality in d = 3
u(i)(~x (i)) =
{
e
2pii
L
x3ǫij3mj h(~x (i)) for i = 1, 2
1l for i = 3
, (3.32)
and in d = 2 dimensions (3.13)
u(i)(~x (i)) =
{
e
2pii
L
x3m
for i = 1
1l for i = 3
. (3.33)
The matrix h(~x (i)) ∈ [U(1)]N−1  neessary only in the former ase  is determined by
(3.21). It an be hosen to be the unit matrix on all boundary points simultaneously only
if (3.24) is obeyed, i.e. if the winding number matrix m3 (3.20) is zero.
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The winding numbers of the respetive mappings are obtained by projeting the di-
agonal, traeless matries with integer entries
mp =
g
2π
∫
d2x b′p(~x) =
i
2π
ǫij
∫
d2x ∂i
(
U˜ †(~x) ∂jU˜(~x)
)
p
for d = 2 , (3.34)
mi,p =
g
2πL
∫
d3x b′i,p(~x) =
i
2πL
ǫijk
∫
d3x ∂j
(
U˜ †(~x) ∂kU˜(~x)
)
p
for d = 3 (3.35)
on the N − 1 independent U(1) sub-algebrae of the Cartan sub-algebra. Reall (2.3/2.5)
and (3.6/3.28), and in addition for the diagonalisation defet (3.29), for the eigenphase
defets (3.15/3.16).
Here, b′p = ∂1A
′
3,p − ∂3A
′
1,p and b
′
i,p = ǫ
ijk∂jA
′
k,p are the QED magneti eld strengths
of the Abelian projeted theory. It will beome important in Set. 4.2 that exept for
b′3,p, they oinide with the pth diagonal entry of the gauge xed hromo-magneti eld
strength. The total magneti uxes of the U(1) sub-algebrae Φi,U(1) ∈
4π
g
ZZ obey the Dira
quantisation ondition. They have no relation to 't Hooft's magneti twist ongurations
[11℄: Magneti defets are artifats of the gauge hosen and our also when fermions are
inluded as one started with stritly periodi boundary onditions (2.1/2.2).
In the path integral formulation, one of the d diretions is interpreted as time and
hene the winding numbers do not only measure total magneti Abelian uxes but also
eletri ones. If, for example, x3 ≡ x0 is hosen as time diretion, the interpretation of the
diagonalisation defet (3.26) as non-zero net magneti ux remains, while ~m⊥ measures
the total Abelian eletri uxes
g
2πLd−2
∫
ddx ~E ′⊥,p(~x).
Gauge transformations annot hange the defet struture: Negleting the Weyl sym-
metry (3.11), the eigenphases of the Wilson line are (up to global shifts by 2π) gauge
invariant and hene unaeted by gauge transformations before or after gauge xing,
showing that ~m⊥ is onserved. A gauge transformation V (~x) yields by (2.2/2.6) and the
transformation properties of the Wilson line a new diagonalisation matrix
∆′(~x⊥) = V (~x
(3)) ∆(~x⊥) H(~x⊥) , H(~x⊥) ∈ [U(1)]
N−1 , (3.36)
and as both V (~x) (2.2) and H(~x⊥) (3.24) are single-valued inside T
d
, the winding number
m3 (3.34/3.35) is invariant. In onlusion, dierent winding number matries ~m indeed
distinguish physially dierent ongurations and are not Gribov opies of eah other.
Eah one represents a dierent gauge orbit. All of them should be taken into aount in
the gauge xed formulation, espeially sine Set. 4.2 will motivate that they do not form
a set of zero measure in the funtional spae Hphys.
4 Consequenes
4.1 Interpreting Defets
As seen above, the position of the singularities in the elds (and in U˜(~x)) ourring
for ~m 6= ~0 is of no signiane2, and a priori, no physial partile an be attributed
2
In the following, the notation  ~m will be hosen also in d = 2 where m is a pseudo-salar.
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to it. The defet singularities are hene of the same struture as the Dira string in
QED with magneti monopoles. On any losed surfae about the QED monopole, the
vetor potential annot be single-valued but has to be singular on at least one point of
arbitrary position. The set of all suh points forms the Dira string. In the ase of the
modied axial gauge in three dimensions, diagonalisation defets are of o-dimension two
and our in general only at isolated points on T 2⊥. They form unontratible strings
(vorties) parallel to the x3-axis, as demonstrated in Set. 3.3. Eigenphase defets are by
onstrution of o-dimension one and hene are domain walls parallel to the x3-axis whih
wind unontratibly in the x2-diretion when m1 6= 0 and vie versa. In both ases, the
magneti ux through the torus is non-zero and lies in the Cartan sub-algebra, justifying
the name magneti Abelian defets for suh ongurations.
For the diagonalisation defet, this is espeially transparent: Its ourrene is om-
pletely analogous to the introdution of a point singularity on eah sphere S2 about a 't
HooftPolyakov monopole [19, 20℄. While the R-gauge solution is regular on any sphere
around the monopole position, a gauge transformation to the unitary gauge, aligning the
Higgs eld along the σ3-diretion in the internal spae, introdues a Dira string whih hits
every losed surfae about the monopole. It is an artifat of the gauge xing [21, p. 58.℄
and an be rotated about the monopole at will. All loal, gauge invariant observables
remain well-dened and nite on the string and monopole position.
It is not surprising that the winding numbers ~m seem to be onserved under evolution
of the primed elds. This an most easily be seen from the fat that ~m an be written in
terms of supposedly onstrained variables only, (3.34/3.35), and the gauge xed Hamil-
tonian or Lagrangean ontains only allegedly unonstrained (primed) variables. This in-
terplay between presumed physial and unphysial variables demonstrates one more
that for all ongurations whih exhibit defets, the modied axial gauge is not well de-
ned. As has been emphasised in Set. 2, the o-ordinate transformation in eld spae
(2.3) is legitimate only if the new basis of the funtional spae onsists again of periodi
elds. Reall that it was the same argument, periodiity of the elds in x3-diretion,
whih forbade the hoie of the naïve axial gauge A′3 = 0 on a ompat manifold. There-
fore, the boundary onditions (3.31/3.32/3.33) show that the (loal) modied axial gauge
hoie (2.4) and the (global) requirement for single-valuedness of all elds on T d are in-
ompatible. Nonetheless, the gauge hoie is legitimate on any ontratible region of the
transverse manifold. Therefore, perturbative results in the modied axial gauge will be
unhanged when one does not take the defets into aount. This follows already from the
topologial onsiderations of Set. 3: Magneti defets only our for ongurations for
whih the Wilson lines on the transverse manifold spread out far away from a onstant
in group spae, i.e. far away from a perturbative vauum. As Lenz and Thies [22℄ empha-
sised, this vauum will not be the onguration
~A′ = 0 when a lattie regularisation of the
Jaobian of the o-ordinate transformation (4.3) is hosen. So, defets will be important
in the long distane, infrared régime, giving rise to homogeneous bakground elds.
4.2 Weight of Defets in Conguration Spae
At rst sight, the gauge hoie (2.4) splits the Wilson line dened on the gauge group at
every point on the transverse manifold into the eigenphases as allegedly physial and the
12
diagonalisation matries as allegedly unphysial variables, (2.6),
Pexp ig
L∫
0
dx3 A3(~x) : SU(N) ∼
[
U(1)
]N−1
phys
×
[
SU(N)/[U(1)]N−1
]
unphys
. (4.1)
This seems to redue the number of physial gluons loally from N2− 1 to N − 1. As the
gauge group is semi-simple, this annot be true in general, but it has been argued [5, 23℄
that it holds for all ongurations exept for a set of measure zero in the funtional spae
Hphys. For this set, the Hamiltonian [6℄ (Lagrangean [24℄) yields in addition (naïvely)
innite energy (ation). Indeed, the suess of the Abelian projetion gauges, whih
interpret these singularities as magneti monopoles, and of the Haaron model [24℄ suggest
that negleting them is fallaious in d = 4 dimensions. The following shows the argument
to be premature for d ≤ 3 as well, as (~m 6= ~0)-ongurations are not even of zero measure
but form in ontradistintion the generi ase in Hphys.
First, note that all sets of ongurations with given ~m have the same ardinality
after gauge xing beause the winding numbers (3.34/3.35) are additive: Be
~A′
~m(1)
(~x) a
onguration with winding number ~m(1). Adding to it all ongurations with winding
number ~m(2), one reahes ongurations with winding number
~m[ ~A′~m(1) +
~A′~m(2) ] = ~m
(1) + ~m(2) . (4.2)
Beause of linearity and the group properties of the winding numbers, this mapping is one-
to-one. But besides ardinality, the measure in the funtional spae of primed variables
and the ation or energy of the ongurations must be taken into aount to determine
the weight of eah onguration in the gauge xed funtional spae.
The deomposition (4.1) is obviously not possible at those points ~x⊥ 0 on the transverse
torus on whih two or more eigenvalues of the Wilson line oinide. In that ase, one may
perform the gauge xing in the above way for all other points on T 2⊥, and all integrals
are understood to exlude a small region Uε(~x⊥ 0) of size ε > 0, on whih the gauge
has to be xed separately. Otherwise, renormalisability is manifestly lost beause of
ultra-loality of the gauge xing equations (2.4/2.5) in ~x⊥ [1℄. The Jaobian of the o-
ordinate transformation in eld spae from Cartesian (Lie algebra valued) o-ordinates
A3 to urvilinear o-ordinates, i.e. to eigenphases A
′
3 of group elements, is the innite
produt of Haar measures of SU(N) at every point [6, 13, 24℄,
J [A′3] =
∏
~x⊥
∏
p>q
sin2
gL
2
(
A′3,p(~x⊥)− A
′
3,q(~x⊥)
)
. (4.3)
This is also the FaddeevPopov determinant for the primed variables in the path integral
formalism. Whenever two or more eigenvalues of the Wilson line oinide, the dimension of
the oset spae of exp igA′3(~x⊥) inreases so that at ~x⊥ 0, the Jaobian of the o-ordinate
transformation must be zero in order to retrieve a nite integration measure. Being a
ontinuous produt over all ~x⊥, J [A
′
3] is nonetheless not neessarily zero.
Loally, degeneray of two or more eigenvalues puts at least three onditions on a eld
A′3(~x⊥) depending on d−1 dimensions so that in d ≤ 3 suh ongurations seem negligible.
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But this argument holds only if no global reasons exist whih support their ourrene.
Beause of the boundary onditions (3.13/3.14) and ontinuity of the elds A′3(~x⊥), one
sees that any onguration with ~m⊥ 6= ~0⊥ has to ross zeroes of the loal Jaobian on an
even number of (d− 2)-dimensional unontratible hyper-surfaes of T d−1⊥ . As the gauge
has been xed only under the ondition that none of the eigenvalues oinide, eigenphase
defets show in a way their own breakdown.
Before a regularisation is invoked, (4.3) is only formal beause it involves a ontinuous
produt over all spae points ~x⊥. On the other hand, assuming a lattie regularisation
[25℄, A′3,p is interpreted as polar angle in SU(N) and the other Riemann sheets invoked in
Set. 3.2 are inaessible. In that ase, eigenphase defets would play no rle for dynami-
al reasons. But on the lattie, one gives up ontinuity of the elds and topologial eets
an only be regained in the ontinuum limit by the emergene of smooth lattie ong-
urations. The subtleties are therefore hidden in the ontinuum limit. Even if the lattie
interpretation holds in the ontinuum, eigenphase defet ongurations an be of nite
measure in the gauge xed funtional spae: Although eah of them might have measure
zero, above onsiderations showed that on the torus, the vast majority of ongurations
in Hphys will have eigenphase defets ~m⊥ 6= ~0⊥. It is hene not lear that a regularised
and renormalised ontinuum version of the Jaobian (4.3) will have the same result, and
indeed both 't Hooft [1℄ and Johnson et al. [24℄ argue against it. One should also keep
in mind that the usual denition of lattie gauge theory, in whih the gauge elds live
on the links rather than the sites, avoids the zeroes of the Jaobian by pressing them in
the entres of plaquettes. It remains to be seen how far the measure really redues the
ontribution of (~m⊥ 6= ~0⊥)-ongurations to the funtional integration.
Diagonalisation defets m3 6= 0 an be lassied only when no degenerate eigenvalues
of the Wilson line are enountered. Above topologial onsiderations showed that these
defets our for nearly all ongurations
~A′(~x). The Jaobian plays no rle at rst sight.
But thatm3 is onserved is not stringent sine its dening equation (3.20) is undetermined
whenever eigenvalues oinide in time evolution, reminding one of the indeterminism in
the time evolution of a pendulum at turning point as disussed in [26, 27℄.
Therefore, negleting eigenphase or diagonalisation defets, one throws away without
good reason most of the generi ongurations whih  as seen at the end of Set. 3.4 
represent physially distint gauge orbits. Their fate is intimately onneted to a proper
renormalisation of the Jaobian of the o-ordinate transformation in eld spae.
The third ingredient whih determines with whih weight a onguration enters is its
energy in the anonial formalism, or its ation in the path integral representation. In the
fully quantised theory, both quantities are innite before a renormalisation is invoked, so
that the following onsiderations are semi-lassial only.
It is well known that the Hamiltonian in a (d+1)-dimensional theory and the Eulidean
ation in a d-dimensional formulation oinide formally with only the mass dimensions of
the oupling onstants being dierent. Consider now the minimum energy a onguration
with defet m has in the anonial formulation for d = 2. The Hamiltonian is bounded
from below and reads after gauge xing [6℄
H =
1
2
∫
d2x
[
(~Π′ a(~x))2 + (B′ a(~x))2
]
+Hfermi +Hcolour ≥ 0 , (4.4)
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where Hfermi is the minimally substituted fermioni standard Hamiltonian. Hcolour is a
non-negative term generated by resolving Gauÿ' law and desribes the interation between
stati olour harges. These terms and the ontribution from hromo-eletri and o-
diagonal hromo-magneti elds are positive, so that one obtains a lower bound,
H ≥
1
2
∫
d2x (B′ a0(~x))2 . (4.5)
As observed below (3.35), B′ a0 = b′ a0 . One deomposes the hromo-magneti eld now
into its non-zero and zero modes, where the latter is given from (3.34) by
b′z.m.,p =
2π
gL2
mp , (4.6)
so that the lower bound is
H ≥
4π2
g2L2
∑
p
m2p . (4.7)
The Eulidean ation in 1+1 dimensions is orrespondingly derived as SE ≥
4π2
g2L2
∑
pm
2
p. In
onlusion, eigenphase defets are energetially disfavoured over (m = 0)-ongurations,
but this eet dies out in the innite volume limit.
In d = 3 dimensions,
H ≥
1
2
∫
d3x ( ~B′ a0(~x))2 , (4.8)
and the same arguments apply to the eigenphase defets,
1
2
∫
d3x ( ~B′ a0⊥ (~x))
2 ≥
4π2
g2L
∑
p
~m2⊥,p . (4.9)
But sine B′a03 = b
′a0
3 + gf
a0bcA′b1A
′c
2 , no non-trivial lower bound an be derived for the
energy of diagonalisation defets by this method. Indeed, onsider a onguration
~A⊥(~x) = 0 ,
A3(~x) = A
′
3
[
σ1 sinϑ cosϕ+ σ2 sin ϑ sinϕ+ σ3 cos ϑ
]
, (4.10)
where σa are the Pauli matries. The pseudo-spherial angles are ϑ, ϕ urvilinear o-
ordinates whih parametrise T 2⊥ suh that ϑ = 0 is some point in the interior and the
losed urve at ϑ = π is the boundary of the box, parametrised by ϕ ∈ [0; 2π]. The
parameter A′3 is ~x-independent, and the Wilson line of this onguration has eigenvalues
e−igLA
′
3σ
3
. By hoosing
~Π = 0 as initial ondition, the energy of this onguration is
H =
1
2
∫
d3x
[
(∂1A
a
3)
2 + (∂2A
a
3)
2
]
= O
(
(A′3)
2
)
, (4.11)
and hene an be hosen arbitrarily small by tuning A′3. On the other hand, diagonalising
the Wilson line shows that after gauge xing one enounters a diagonalisation defet
m3 = σ
3 6= 0 of winding number one. Therefore and in ontradistintion to the eigenphase
defets, diagonalisation defets arry arbitrarily small energy (ation) in three dimensions.
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The ontribution whih naïvely omes from the zero mode QED magneti eld b′3 is hene
anelled by the interation between it and the harged vetor partiles A′a1⊥ (~x⊥). The
Dira string has zero energy density. The same phenomenon an be observed for the 't
HooftPolyakov monopole in the unitary gauge [21, p. 58.℄.
When eigenphase defets our in d = 4 (see Set. 4.3), eah ontribution Sm⊥ ≥
4π2
g2
∑
pm
2
⊥,p to the ation is volume independent and  like the instanton ation  non-
analyti in the oupling onstant.
4.3 Other Manifolds
As one believes that short range physis should not be sensitive to the hoie of boundary
onditions in a large universe, it is important to note how muh the analysis presented
relies on the hoie of a torus as base manifold. Mind that for ompatibility with the
gauge hoie (2.4), the losed manifold should split into a produt for the modied axial
gauge, M = S1x3 ×M⊥. In two dimensions, all losed, orientable transverse manifolds
are topologially equivalent to the irle S1. Sine Π1[SU(N)/[U(1)]
N−1] = 1l, one an
without loss of generality hoose ∆(~x⊥) to be ontinuous and periodi everywhere, so
that the diagonalisation defet is not present. Eigenphase defets are still enountered
beause Π1[[U(1)]
N−1] = ZZN−1. In ontradistintion, the diagonalisation defet in d = 3
is enountered on both transverse standard manifolds T 2 and S2 (see Fig. 1), but only
M⊥ = T
2
suers from eigenphase defets and not the sphere as Π2[[U(1)]
N−1] = 1l.
In higher dimensions, all manifolds with non-trivial fundamental group Π1[M⊥] 6= 1l
will have eigenphase defets in the modied axial gauge, e.g. all tori T d−1⊥ . For diago-
nalisation defets, the riterion is more diult to formulate, but at least every diret
produt manifold whih ontains fators T 2 or S2 will, by embedding above mappings,
suer from these. Sine in d ≥ 4 the presene of instantons (Π3[SU(N)] = ZZ) hampers in
general the hoie of periodi boundary onditions (2.1), the winding numbers are usually
not given by a simple generalisation of above formulae. Nonetheless, periodi boundary
onditions an be hosen for three of the diretions, and for those the winding numbers
are given by obvious generalisations of (3.32/3.35).
4.4 Abelian Projetion Gauges
As the onsiderations of Sets. 3 and 4 based mostly on the deomposition of the gauge
group into equivalene lasses and osets w.r.t. some diagonalised variable (4.1) only, all
onlusions an easily be extended to the lass of Abelian projetion gauges [1, 2℄. One
only has to test to whih dimensions and manifolds they apply.
The diagonalisation defets of Set. 3.3 relied only on the existene of a non-trivial
mapping of the manifold into the oset of some diagonal matrix. Therefore, they our in
any Abelian projetion gauge whose diagonalised operator depends on two o-ordinates
whih label fators T 2 or S2 on a diret produt base manifold. Examples are the F12-
and maximal Abelian gauges [1℄ on S2 and T 3. Eigenphase defets are present only when
the diagonalised operator is a member of a multiply onneted spae (eg. the Cartan
sub-algebra). Therefore, ~m⊥ = 0 for the F12-gauge independent of the base manifold
beause the diagonalised Lie algebra element F ′12(~x) ∈ IR
N−1
. The maximal Abelian
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gauge exhibits eigenphase defets for any manifold with non-trivial fundamental group.
Both kinds of defets are enountered on tori onsidered in lattie simulations in d ≥ 2,
and of all standard manifolds in d ≤ 4, only the spheres S3 and S4 are free of any defets.
So, the ourrene espeially of diagonalisation defets signals the failure of many
Abelian projetion gauges in the nite volume and entails a hange of boundary onditions
aording to (3.31). In general, the Jaobian will be dierent from (4.3), but it will beome
loally zero when two or more eigenvalues beome degenerate. On the other hand, the
suess of these gauges in the explanation of onnement on (3 + 1)-dimensional latties
suggests that  albeit axiomatially not legitimate  the formal failure may be of only
minor onsequene to this aspet of the theory. To trak down the reason for this would
be an interesting task. It is also espeially useful as Abelian projetion gauges are hardly
onsidered in the anonial formulation of (3 + 1)-dimensional gauge theories. As shown
above, the magneti defets are not physial partiles, having neither mass nor position,
but are artifats of the gauge hosen. Therefore, they annot ondense, and the 't Hooft
Mandelstam mehanism for onnement [1, 3, 4℄ annot be assoiated with them. In fat,
Lenz et al. [25℄ showed that in the modied axial gauge, gluons are onned in the strong
oupling limit due to the Jaobian (4.3).
5 Conlusions
In this artile, the modied axial gauge ondition in SU(N) gauge theories (2.4) has been
investigated whih keeps as physial variables of the Wilson line in x3-diretion only its
eigenphases. The results apply to anonial and path integral formulations in d ≤ 3
dimensions and to most Abelian projetion gauges, as Sets. 4.3 and 4.4 showed.
On any open, ontratible region of a (d − 1)-dimensional torus T d−1⊥ perpendiular
to the Wilson line, this gauge hoie allows for a regular solution of the o-ordinate
transformation (2.3) in eld spae whih xes the gauge under the ondition that none
of the eigenvalues of the Wilson line are degenerate. Still, due to ambiguities in the
extration of the eigenphases A′3(~x⊥) of the Wilson line and in the denition (2.6) of its
diagonalising matrix∆(~x⊥), ompatiation to T
d−1
⊥ introdues singularities in the gauge
xed variables. They have been shown to desribe Abelian defets with non-zero magneti
net uxes, inorporated by losed loops of Dira strings whih wind around the torus for
diagonalisation defets, and by domain walls for eigenphase defets. Congurations with
~m 6= ~0 feel hene a non-zero magneti bakground eld (3.34/3.35). Topologial arguments
demonstrated that their existene is unavoidable, but the defet position is irrelevant
beause the whole transverse spae had to be mapped into the maximal Abelian sub-group
and its oset respetively, and not only a neighbourhood of some point. Dierent defet
winding numbers have been shown to label physially distint lasses of ongurations.
For the eigenphase defets, this is already seen from the fat that eah of them has a
minimum energy or ation proportional to the square of its winding number (Set. 4.2).
In ontradistintion, the diagonalisation defets an have innitesimally small but positive
energy (ation). Both defets seem to be topologially and dynamially stable, but this
has been disussed to be a onsequene of the non-legitimate gauge hoie.
The hange of boundary onditions leads to the onlusion that from the formal point
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of view, the modied axial gauge is not a legitimate gauge hoie sine the struture
of the funtional spae H over whih the theory is dened is altered. In Set. 3.1, the
gauge is xed not only by the gauge hoie (2.4), but also by the ondition that the
underlying funtional spae remains unhanged, i.e. that the new physial and unphysial
fundamental variables are single-valued (ontinuous and periodi in all diretions) on
the manifold. This is an impliit but important gauge hoie made even before the o-
ordinate transformation in eld spae (2.3) was performed. It has been demonstrated that
the gauge xing transformation U˜(~x) is not single-valued and hene not a member of the
original funtional spae H on the torus. The loal and global gauge onditions annot be
met simultaneously for the majority of ongurations in the physial eld spae, so that
the gauge ondition does not interset most of the gauge orbits. In priniple, the new
eld spae is obtained from the original one by a proedure whih allows one to determine
the preise nature of the singularities and hene to enlarge the new onguration spae
aordingly. But beause of the problems with the measure, i.e. the Jaobian (4.3), this
seems not to be a feasible method, as seen in Set. 4.2. One also would have to take into
aount allegedly unphysial variables and dynamial boundary onditions, as the winding
numbers of the defets is losely related to both of them, (3.32/3.33) and (3.34/3.35).
Eigenphase defets do not depend on the number of dimensions but on the hoie of the
base manifold, while diagonalisation defets our in the modied axial gauge espeially
in d = 3 dimensions but independent of the spei hoie of M (Set. 4.3). Abelian
projetion gauges suer from one or the other defet, exept when S3 or S4 are hosen as
base manifold of the diagonalised variable (Set. 4.4). The diagonalisation defet turned
out to be espeially persistent. It is interesting that only in three dimensions, non-Abelian
gauge theories allow for the existene of large gauge transformations whih give rise to
the vauumϑangle in the anonial formulation or to the quantised topologial mass
of ChernSimons QCD in the path integral. A parallel publiation [14℄ demonstrates
that defets signal the loss of large gauge transformations for the Abelian projetion
gauges, albeit the rle of the Jaobian of the o-ordinate transformation in eld spae is
unlear. On the other hand, Jahn et al. [28℄ demonstrated that the eigenphase defets
in the modied axial gauge, path integral formulation of QCD1+1 are irrelevant beause
of the Jaobian (4.3) and the interpretation of the variables A′3(~x⊥) as polar angles. In
higher dimensions, an ultra-loal interpretation of the Jaobian is not neessarily orret
in the ontinuum theory, and one may speulate that in the path integral for QCD2+1,
defets may be related to giving linear instead of logarithmi onnement in the low
temperature phase (L large). For the Hamiltonian version of QCD3+1, the Jaobian
as quantum phenomenon may inhibit or enhane lassially allowed proesses, but for
a proper understanding of its rle in various dimensions, a proper regularisation and
renormalisation of its ontinuum version is needed.
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